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The catalyst particle fragmentation process is an important step in determining the
final morphology of olefin polymer particles. Understanding the different phenomena
that influence it is, therefore, essential in optimizing polymerization processes and in
obtaining the desired quality of polymer. A new ®iscoelastic model of the fragmentation
process de®eloped is demonstrated. The model relates the magnitude and generation
rate of physical forces and the physical characteristics of the polymer and support. In
this way, the effects of different parameters, such as reaction rate, polymer properties,
and support characteristics, can be related to changes in the morphology of polymer
particles. A faster reaction rate makes the particle become more porous, and a more
®iscous polymer will make particles with less porosity. It is discussed why larger pores
will break before smaller on the same catalyst.

Introduction
At an annual production of 85�95 million tons, polyolefins

are by far the plastic materials with the highest levels produc-
Ž .tion worldwide for example, McKenna and Soares, 2001 .

The most common way of producing polyolefins is using het-
erogeneous catalysis. These catalysts are typically porous par-
ticles on the order of 10�100 �m in diameter, which are in-
jected into a reactor containing olefin monomers in either a
gaseous or liquid state. The active sites upon which the poly-
mer is formed are deposited on the internal surfaces of the
pores in the particle. Formation of polymer inside the pores
eventually causes the catalyst particles to fragment, and then
expand into particles with diameters approximately 10 to 50
times larger than the original catalyst particles. The frag-
ments of the catalyst remain in the polymer.

It is a well accepted fact that the particle fragmentation
process is an extremely important step in determining the fi-
nal morphology of a growing catalystrpolymer particle, and
that it can have a strong influence on the observed kinetics

Žduring the polymerization reaction for example, Laurence
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and Chiovetta, 1983; Galli, 1999; Galli and Haylock, 1991;
.Webb et al., 1991; Pater et al., 1998; Weickert et al., 1999 . In

addition, morphological characteristics of the polyolefin pow-
Ž .der, including the particle-size distribution PSD , porosity

Ž . Ž .� , and bulk density � are important quality parame-bulk
ters. These characteristics will be determined in large part
by the morphology at the end of the fragmentation step.
There is a clear need for a model relating the magnitude and
rate of generation of the physical forces present and the

Žphysical characteristics of the particle itself that is, physical
resistance of the catalyst support and viscoelastic properties

.of the polymer matrix . As has been discussed recently in the
literature, it is not possible to develop quantitative descrip-
tions of particle growth without a representation of the parti-

Žcle morphology Kittilsen et al., 2001; McKenna and Soares,
.2001 .

The structure of the catalyst particles varies with the type
of support material. The two most common materials are
MgCl and SiO . MgCl particles are made of a complex2 2 2
agglomeration of small crystallites, whereas the silica parti-

Žcles have a branched pore network in a continuous gel Fer-
.rero and Chiovetta, 1992a . This difference, coupled with the

different chemistries found on the two types of support,
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means that the fragmentation process also will be different.
It is believed that MgCl -supported particles fragment quite2
uniformly by the breakage of the relatively weak bonds be-
tween the crystallites, forming an agglomeration of small
polymer particles with catalyst fragments inside. This repre-
sentation of particle morphology led to the development of

wthe well-known multigrain model MGM; see, for example,
Ž .xFloyd et al. 1986a . One common assumption when using

the MGM is an instant and complete fragmentation of the
catalyst. This assumption has been found to be a good ap-
proximation for many MgCl -supported Ziegler�Natta cata-2
lysts because they fragment rapidly and are composed of small
crystallites, but not for the SiO -supported catalyst, because2
the fragmentation process can take much longer and the
structure of the particles is not conducive to the same pattern

Ž .of rupturing for example, Ferrero et al., 1992, 1993 . SiO -2
supported particles seem to fragment in a more progressive
way, starting by fragmentation at the larger pores, and con-
tinuing successively with the smaller pores. The support is
ground into smaller fragments.

Despite the importance of this subject, very little work has
been done on trying to model the relationship between the
reaction rate, properties of the polymer, and particle frag-

Ž .mentation. Laurence and Chiovetta 1983 were the first to
treat this subject in detail. They imposed a model of mor-
phology based on the MGM, and allowed the particle to frag-
ment on a layer-by-layer basis. It was assumed that the parti-

Ž .cle fragmented when a certain arbitrary amount of polymer
was deposited on the active sites at a given position, and that
the rates of diffusion were different in the fragmented and
unfragmented parts of the particle. While interesting, this and

Žlater extensions of this concept Ferrero and Chiovetta,
.1987a,b, 1991a,b remained very simple, and did not allow

polymer properties or the rate of reaction to be directly re-
lated to particle morphology. A more fundamental study was

Ž .presented by Estenoz and Chiovetta 1996 , who proposed a
model in which the actual porosimetry data of the catalyst
and the polymer particles were used. Changes in the mor-
phology during the initial fragmentation step were studied in
terms of the total particle surface area and pore volume. Al-
though the model was adapted to data from silica supports, it
was generic enough that it should be possible to predict the
development of the fragmentation process of other systems
with porosimetry data from any system. However, as men-
tioned earlier, the limitation of this work is that the fragmen-
tation step is not directly related to polymer properties, the
rate of reaction, or to the reaction conditions.

Ž .Kosek et al. 2001a,b proposed another interesting ap-
proach based on a full-scale representation of the morphol-
ogy of a particle. The starting point is a 3-D model of the
catalyst particle obtained from SEM, TEM, or X-ray tomog-

Žraphy data of real particles. The morphology shape, pore
.distribution of polymer particles is simulated in 3-D by a

Monte-Carlo-like simulation. A kinetic model is used to de-
scribe the rate of polymer formation on the pore walls of the
support material, and the breakage and further expansion of
the particle are simulated, giving the final morphology of the
particle. This approach seems to be very promising, and fu-
ture developments in this direction will most likely be forth-
coming from this group.

As polymer is deposited on the catalyst surface, it starts to

create a resistance to the deposition of more polymer. This
resistance, or stress, is what eventually causes the support to
rupture. The driving force of this process is the osmotic pres-
sure caused by the dissolved monomer molecules in the poly-
mer matrix. A detailed study of these effects was done by

Ž . Ž .Agarwal 1998 and Agarwal and Lemstra 2001 . First they
estimated the viscous, and then the viscoelastic effects of the
deposited polymer on the rate of reaction. The work essen-
tially concerned the deformation of the polymer layer around
the active sites, and how this deformation influenced
monomer transfer through the polymer layer toward the ac-

Ž .tive sites. To the best of our knowledge, Agarwal 1998 was
the first to try to model viscous deformation at the level of
the micrograins in a growing polymer particle. However, nei-
ther of these two articles considers the process of particle
rupture and the influence of the reaction rate on stress gen-
eration, and, thus, on the generation of forces inside the par-
ticle. Since the objective of these two studies was to look at
mass-transfer resistance at the micrograin level, they only
considered spherical catalyst fragments, as are typical in an
MgCl -supported catalyst particle.2

Ž .Simonnazi et al. 1991 in their article appear to have been
the first to propose using stress-balance models to describe
particle fragmentation and growth. However, they did not ac-
tually do so. To the best of our knowledge, the first attempt
to model the actual stresses involved in growing polyolefin
particles and to relate them to particle morphology was pre-

Ž .sented by Kittilsen et al. 2001 . In that work, a simplified
mathematical model related the rate of reaction to the
buildup of tension inside the particles in an initial attempt to
link chemistry, mass transfer, polymer properties, and parti-
cle morphology into a coherent, semipredictive model. It was
shown that extremely rapid reactions can indeed lead to a
rapid increase in the stress inside the particle, sometimes to a
point where the macroparticle will rupture rather than con-
tinue to grow homogeneously. In order to examine the parti-
cle as in its macroscopic form, the fragmentation process was
assumed to happen instantaneously and completely, as for
the MGM. In the current article this model is improved and
extended to look at how growing catalystrpolymer particles
can fragment.

We will concentrate on a rather limited and idealized part
of the fragmentation process in this work. The pores are ap-
proximated by either an idealized cylindrical shape of uni-

Žform size we will also discuss the effects of pore-size distri-
.bution , or other simple geometries. The first part of the arti-

cle describes a viscoelastic material model for the deposited
polymer in cylinders. As will be shown, it is important to con-
sider both the viscous and the elastic nature of the polymer
material. Just imagine the different result obtained from
crushing a stone by the stroke of a hammer and using a clamp
to slowly crush it. The next section shows simulations of poly-
mer growth on cylinder walls, and the resulting stresses in the
polymer and in the support material. Finally, we discuss the
effects of the different parameters on the breakup process
and the polymer particle morphology.

Model Development
The growth of solid polymer inside a catalyst particle re-

Žsults in a change in the local density of the particle the space
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.is filled with polymer , and, thus, a localized stress in the
material. The fragmentation of the catalyst, and the growth
of the polymer particle are governed by the competition be-
tween the buildup and relaxation of elastic stresses in the
polymerrcatalyst particle due to the production of polymer at
the active sites. If there is some kind of physical impediment
to the expansion of the newly formed polymer, as is the case
during the early stages of the polymerization when the parti-
cle is essentially composed of a continuous matrix of catalyst
support material, the expansion will cause stress in that ma-
terial. If the stress is larger than the material can stand, it
will rupture.

The analysis presented here divides the particle into two
phases: catalyst support and polymer. These phases are con-
sidered to be pseudohomogeneously distributed throughout
the particle. The polymer is assumed to behave as a vis-
coelastic material, whereas the support material is a pure
elastic material. The elastic modulus of the support material
is much higher than the polymer, so given the same stress,
the strain is much smaller, and is neglected in this context.
Thus, the polymer is assumed to grow in a fixed matrix of
support material.

Constituti©e equations for a ©iscoelastic material
From the theory of elasticity, the relation between strain

wand stress is linear, at least for small strains note that this
refers to elastic strains; thus for strains that are relaxed, as
will be the case in a viscoelastic material, it is only the elastic

Ž .xpart of the strain that must be small �1 . For an isotropic
Ž .material this relation is Boresi and Chong, 1987

� s� � q� q� � q2G� 1Ž . Ž .�	 11 22 33 � 	 � 	

where � and G are Lames elastic coefficients, and � is the´
Kronecker delta function. In the analysis that follows, only
normal stresses are considered. In the application of the
equations, the shear stresses will be zero for symmetry rea-
sons, as will be shown. From Eq. 1 the normal elastic stresses
are given as

� es� � e q� e q� e � q2G� e 2Ž .Ž .ii 11 22 33 � 	 i i

� esb � eq� e � qa� e 3Ž .Ž .ii j j kk � 	 i i

where as2Gq� and bs� superscript e denotes elastic.
Lames elastic coefficients G and � are related to Young’s´
modulus, E, Poisson’s ratio 
 , and the constants a and b as
follows

E
Gs 4Ž .

2 1q
Ž .

 E

�s 5Ž .
1q
 1y2
Ž .Ž .

1y
 EŽ .
as 6Ž .

1q
 1y2
Ž .Ž .

 E

bs 7Ž .
1q
 1y2
Ž .Ž .

ŽThe viscous strain�stress relations are by analogy White,

.1974

� ®s� � ® q� ® q� ® � q2�� ® 8Ž .˙ ˙ ˙ ˙Ž .ii 11 22 33 � 	 i i

� ®s	 � ®q� ® q�� ® 9Ž .˙ ˙ ˙Ž .ii ii kk ii

where �s2�q� and 	s� , and the dots represent time
derivatives. Superscript ® denotes viscous.

In this work, the viscoelastic property of the material is
modeled by one of the simplest viscoelastic models, the
Maxwell model. The model can be envisaged as consisting of
a spring and a dashpot in series, or in other words, the total
strain is the sum of elastic and viscous strains

� s� eq� ® 10Ž .ii ii ii

Now, taking the time derivative of this equation and using
Eqs. 3 and 9 results in

� s� eq� ® 11Ž .˙ ˙ ˙ii ii ii

� b � 	˙ ˙ii iie e ® ®s y � q� q y � q� 12Ž .˙ ˙ ˙ ˙Ž . Ž .j j kk j j kkž / ž /a a � �

a
´� sb � q� qa� y � 13Ž .˙ ˙ ˙ ˙Ž .ii j j kk ii ii�

The last step is valid only if �r	sarb. This is validated by
examining pure elastic materials, where the following rela-
tion holds

a 1y

s 14Ž .

b 


Thus, arb is a pure function of Poisson’s ratio 
 , which is the
ratio of the lateral contracting strain to the elongational strain
when a rod is stretched by a force applied at its ends. We
assume the viscous part of the model behaves in the same
manner, and, thus, �r	sarb.

The bulk viscosity � in viscous fluids is often an unknown
parameter. Stoke has assumed that it equals 2r3�, and the
same has also been proven valid for monatomic gases. How-

Ž .ever, there is a dispute whether the proof holds White, 1974 .
Given our assumption that �r	sarb, and setting �s2r3�
means that Poisson’s ratio becomes 
 s1r3, a value in the
middle of the range for most materials. Most fluids are as-
sumed incompressible in fluid-dynamic calculations, in which
cases the bulk viscosity is irrelevant.

In further analysis it is assumed that the changes taking
place are performed such that the material is always in a
pseudo steady-state. This is valid as long as the changes in
the strain rates are slow compared to the changes in the
stresses, that is, no acceleration is taking place. Then, at all
times, the stresses must balance. The momentum balance is
then simply


� Ts0 15Ž .

where the total stress tensor can be decomposed into contri-
butions from pressure and stress as

TsyI � pq� 16Ž .
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Furthermore, it is assumed that no significant pressure gra-
dient is in the shell. The moment balance then becomes


�� s0 17Ž .

When the coordinate system is fixed in time, taking the time
derivative of the moment balance yields

�

�� s
�� s0 18Ž .

� t

Ž .Thus, both the instantaneous Eq. 17 and the time derivative
Ž .of the stresses Eq. 18 must fulfill the moment balance.

Ž .The general viscoelastic strain�stress equation Eq. 13 can
be envisaged as being a difference of an elastic stress and the
total stress

a
e� s� y � 19Ž .˙ ˙ii ii ii�

where � e is the elastic stress in a pure elastic material givenii
Žthe present strains compare this last equation with Eq. 13.

Inserting the vector form of this into Eq. 18, yields

a
e
� � y � s0 20Ž .˙ž /�

a
e´
�� y 
�� s0 21Ž .˙

�


�� es0 22Ž .˙


�� esC 23Ž .

where C is a constant. The step from Eq. 16 to Eq. 22 is valid
Ž .by using 
�� s0 Eq. 17 . The last step is obtained by

taking the time derivative outside the spatial derivative, which
is possible with a time-fixed coordinate system. When solving
the model presented here, it is Eq. 22 that is the key. It is
difficult to solve this directly. However, it is possible by first
solving Eq. 23 with the constant Cs0, then taking the time
derivative. This is the same as solving a steady-state pure
elastic case. The solution with Cs0 is valid because a con-
stant term in this equation will only add a constant to the

Ž .displacement function see Eqs. 24, 32, and 33 that will dis-
appear when taking the time derivative. All together this
means that the solution of the pure elastic case is of vital
importance.

Pure elastic compression of a cylinder shell
Assuming cylindrical symmetry, all off-diagonal terms in the

stress tensor cancel, and the equations of momentum reduce
Ž .to only one Bird et al., 1960

1 d �t
r� y s0 24Ž . Ž .rr dr r

where � is the radial component of the global stress vectorr
Ž .s the diagonal of the � tensor , and � equals the tangen-t
tial component. From Eq. 3, the elastic stress�strain relations

are

� sa� qb� 25Ž .r r t

� sa� qb� 26Ž .t t r

In order to solve the momentum balance, a displacement
function is introduced. It tracks the displacement of single
infinitely small control volumes as a function of the original

Žradial position radial position before the deformation takes
.place . It is defined as

Us � r y r 27Ž . Ž .

where � is the position after deformation of the point origi-
nally located at r. The radial and tangential deformations are
expressed in terms of this function as

w x� rqdr y � r ydr d� dUŽ . Ž .
� s s y1s 28Ž .r dr dr dr

2��y2� r �y r U
� s s s 29Ž .t 2� r r r

Substituting these relations into Eqs. 25 and 27, yields

dU U
� sa qb 30Ž .r dr r

dU U
� sb qa 31Ž .t dr r

Further substituting these relations into the momentum bal-
ance Eq. 24, we obtain

d2U 1 dU U
q y y0 32Ž .2 2r drdr r

Integration results in

C2
UsC rq 33Ž .1 r

where C and C are constants determined by boundary con-1 2
ditions.

Two cases are considered in which results are important
for the further development of the model. First is the com-
pression of a cylinder shell with original inner radius r andi
original outer radius r . At the inner and outer boundary ofp
the polymer shell, stresses must balance. It is assumed there
is no difference in pressure inside and outside the polymer

Ž .shell, which means that the external applied and internal
Ž .in the material must balance. At the outer surface, stress is
applied in such manner that this outer surface is displaced by
y�w. No external stress acts at the inner surface. The
boundary conditions are thus

rs r , Usy�w 34Ž .p

rs r , � s0 35Ž .i r
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Using these boundary conditions, the displacement function
wbecomes N.B., using the expressions for a and b in Eqs. 6

Ž . Ž . .and 7, it can be shown that ayb r aqb s1y2


ayb r riqž /aqbr r ri
Usy�w 36Ž .

rayb rp iqž /aqb r ri p

r ri
1y2
 qŽ .ž /r risy�w 37Ž .r rp i
1y2
 qŽ .ž /r ri p

The second case to study is an elastic compression of a
cylinder shell where the inner radius is fixed and the stress at
this surface is given. The boundary conditions for this case
are

Us0
rs r , 38Ž .wp ½ � s�r r

The displacement function is solved using these boundary
conditions. The solution is

� wr rrr p p
Us y 39Ž .ž /2 a r rp

Viscoelastic model of polymer growing on the inside of a
cylinder

The specific process to model is of that of the buildup of
the viscoelastic stresses in the polymer and on the cylinder

Ž .wall during deposition growth of polymer on the inside of a
Ž .pore wall here likened to a cylinder . In the preceding sec-

tions, all necessary equations to describe this are given. These
are merged together in this section.

Figure 1. Deposition of polymer on the inside of a cylin-
drical pore.
The left figure shows the situation at time t, where the poly-
mer cylinder has an inner radius r and an outer radius r .i p
During the time dt, a small amount of new polymer is formed
Ž .lighter color underneath the polymer already deposited.
The width of the new polymer shell is dw. As the new poly-
mer is deposited, the inner radius r of the cylinder shelli
decreases.

The growth of the polymer is shown in Figure 1. In a short
time period, dt, an amount of polymer, dV, is formed in a

Ž .pore dV ARdt . In a case with no stress this would make a
Ž .shell of radius r , length L, and width dw dVs2� r dwL .p p

The presence of the stress will make the shell somewhat com-
pressed, and, thus, thinner. This effect is normally negligible
since it can be shown that the strain will be � s� wra, whichr r
for all practical purposes is much smaller than 1.

The growth process, inserting the slice with thickness dw,
can be studied by regarding the process as an elastic com-
pression, then calculating the change in the stress according
to the viscous effects. The use of pure elastic displacement in
this context was validated in Eqs. 20�23.

The displacement of the polymer existing before inserting
the slice dw at rs r can be found using the results from anp
elastic compression of a cylinder given in Eq. 37. The dis-
placement function at time t for the time interval dt is given
as

r r tŽ .i
1y2
 qŽ .ž /r t rŽ .i

dU r ,t sydw t 40Ž . Ž . Ž .
r r tŽ .p i

1y2
 qŽ .ž /r t rŽ .i p

so

r r tŽ .i
1y2
 qŽ .ž /�U r ,t dw t r t rŽ . Ž . Ž .isy 41Ž .

� t dt r r tŽ .p i
1y2
 qŽ .ž /r t rŽ .i p

where r refers to the position in the shell before inserting the
cylinder slice dw. Using the preceding result, it is now possi-
ble to calculate the time derivative of the elastic stresses

�� e � �U b �Ure� s sa q 42Ž .ṙ ž /� t � r � t r � t

�� e � �U a �Ute� s sb q 43Ž .ṫ ž /� t � r � t r � t

The necessary expressions are

1 r tŽ .i
1y2
 qŽ . 2ž /� �U dw t r tŽ . rŽ .isy 44Ž .ž /� r � t dt r r tŽ .p i
1y2
 qŽ .ž /r t rŽ .i p

1 r tŽ .i
1y2
 qŽ . 2ž /1 �U dw t r tŽ . rŽ .isy 45Ž .

r � t dt r r tŽ .p i
1y2
 qŽ .ž /r t rŽ .i p
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The time derivatives of the elastic stresses are then

1 r tŽ .iy 2dw r t rŽ .ie� r ,t sy ayb 46Ž . Ž . Ž .ṙ r r tŽ .dt p i
1y2
 qŽ .

r t rŽ .i p

1 r tŽ .iq 2dw r t rŽ .ie� r ,t sy ayb 47Ž . Ž . Ž .ṫ r r tŽ .dt p i
1y2
 qŽ .

r t rŽ .i p

Now we can insert these results into Eq. 19 to obtain the
necessary viscoelastic model. For a symmetric cylinder, Eq.
19 becomes

a
e� s� y � 48Ž .˙ ˙r r r�

a
e� s� y � 49Ž .˙ ˙t t t�

eŽ .where � r,t can be taken from Eqs. 46 and 47. Note that r˙
is the radius in a time-fixed coordinate system, and that the
equations are valid for the polymer in r � r � r .i p

The last obstacle is the boundary condition. The displace-
ment in the inserted slice with width dw is equivalent to the
displacement in the case outlined in Eqs. 38 and 39. Using
these relations, the radial and tangential strains in the slice
are

� wr rdU 1r p p
� s s q 50Ž .r 2ž /dt 2 a r rp

� wr rU 1r p p
� s s y 51Ž .t 2ž /r 2 a r rp

The stresses are

� wr rb 1 br p p
� s 1q q 1y 52Ž .r 2ž / ž /ž /2 a r a rp

� wr rb 1 br p p
� s 1q y 1y 53Ž .t 2ž / ž /ž /2 a r a rp

Using the first of these relations, the derivative of the radial
stress is

� wr 2�� br pr sy 1y 54Ž .3 ž /� r ar

The conditions on the outside of the inserted slice are
needed. This corresponds to inserting rs r qdw in the pre-p
vious equations. As dw™0, it is equivalent to inserting rs r .p

Thus

w�� � br rsy 1y 55Ž .ž /r� r r ap p

b
w� s � 56Ž .rt rp a

The boundary conditions for the model can then be sum-
marized as

� r s0Ž .° r~ � r s0Ž .ts0, � r 57Ž .t¢ r s ri p

� r�� bŽ .° r pr sy 1yž /� r r ap~t�0, rs r 58Ž .p
b

� s � rŽ .¢ t r pa

For the purpose of examining which parameters are impor-
tant for the stress, it is convenient to transform the variables
into a set of dimensionless parameters

t
�t s 59Ž .

�

r
�r s 60Ž .

rp

�
�� s 61Ž .

G

where

� �
� s s 62Ž .

a G

where � is often called the relaxation time. Using these pa-
rameters, and the relations between a and b, and 
 and G
Ž . Ž .Eqs. 4�7 , the elastic stress equation Eq. 46 can be written
in dimensionless form as

�� e �
r � � �sy2 R f r ,r ,
 63Ž . Ž .� 
 r i� t

where

dw � �
�R s sR 64Ž .
 
dt r rp p

and

1 r�
iy� �2r ri� �f r ,r ,
 s 65Ž . Ž .r i 1

�1y2
 q rŽ . � iri
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Now, introducing the preceding dimensionless parameters
Ž .into the total stress equation Eq. 48 , this can be written as

�� �
r � � � �sy2 R f r ,r ,
 y� 66Ž . Ž .� 
 r i r� t

An analogous equation can be set up for the tangential
stress, replacing f with a similar function fr t

1 r�
iq� �2r ri� �f r ,r ,
 s 67Ž . Ž .t i 1

�1y2
 q rŽ . � iri

Numerical solution
The numerical solution of the problem treated in the pre-

ceding sections is explained below. The discretizing scheme is
shown in Figure 2, and can be summarized as follows:

� At a time t the polymer shell is discretized, evenly dis-
tributing n nodes from the inner r to the outer radius r .i p

� After a time dt, a shell of width dw is placed at r be-p
tween the polymer already there and the support wall at ra-
dius r .p

� The new positions of the n nodes are found using the
displacement function dU given in Eq. 40.

� The stresses at the n nodes in the ‘‘old’’ polymer are
updated according to Eqs. 46 and 47.

� The stress in the new polymer at r is related to thep
Ž .‘‘old’’ polymer by Eqs. 55 and 56 giving the position r andp

stress at a new node. Thus, at time tqdt the stresses at nq1
nodes are known.

� Before the next time step the polymer shell is redis-
cretized into n nodes by interpolating from the present nq1
nodes. In this way, at every time step the stresses in the n
nodes that are evenly distributed in the polymer shell will be
known.

Stress in the catalyst support
The preceding derivation was for the stress in the polymer

material. The catalyst support making the solid wall in the
cylinder was treated only as a nonelastic material, giving the

Ž .boundary condition U r s0. In reality, the catalyst supportp
breaks during the fragmentation of the catalyst particle. Thus,
it is essential to examine the stress in the catalyst support.
This is shown in this section.

In a real catalyst particle, there is a wide distribution of
pore sizes and thickness of support walls between the pores.
In this first analysis, only a very simple case is shown. The
results will be illustrative, but not necessarily 100% quantita-
tive. The model used in this section is a cylindrical pore sur-
rounded by support material, but with no interaction with
other pores. In reality, the catalyst support forms a continu-
ous structure within the catalyst particle. The results ob-
tained below will be an estimate of the average stress in the
support. The support is assumed to be purely elastic. The
interesting quantity in this case is the tangential stress. The
material will break when this stress exceeds a critical limit.

Figure 2. Discretizing scheme in the numerical solu-
tion.

As in the previous sections, a steady-state analysis is done.
The moment balance for the support is taken, and a solution
in terms of a displacement function is similar to Eq. 33. The
boundary conditions for the support are

rs r , � ssy� w 68Ž .p r r

rs r , � ss0 69Ž .s r

Žwhere r is the radius of the pore and inner radius of thep
.support cylinder shell and r is the outer radius of the sup-s

port cylinder shell. The first boundary condition is a result of
the stress balance at the interface with the polymer. Elimi-

Ž .nating the constants of the general solution Eq. 33 using the
boundary conditions and a general constitutive equation for
an elastic material, the tangential stress is

2rs
1qž /rs w� sy� 70Ž .t r 2rs

1y ž /rp

Taking the area average of the tangential stress over the
cross section of the cylinder shell results in

rs
2 ln

w ry� prs� s 1q 71Ž .t 2 2rr ps � 01y1y ž /ž / rr sp

where r can be expressed in terms of the void fraction of thes
catalyst particle. The relation is given by

r 2
p

� s 72Ž .0 2 2r y rs p

r �p 0
´ s 73Ž .(r 1q�s 0
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Reaction rate and specific surface area in the catalyst
One of the key parameters in the model just presented is

the rate of polymerization, in terms of R sdwrdt. This is®
related to more generally known terms in this section.

One common way of representing the activity in olefin
polymerization is in terms of the mass of polymer per mass of
catalyst and time. We can envisage R as representing the®
velocity of the polymer away from the active surface. Thus,
the specific surface area must be estimated.

Using the principles of the model presented in the previ-
ous sections, we can estimate the specific surface as the inner
radius of the cylinder pore to the volume of the cylinder. This
is

2� r L rp p
As s2 74Ž .2 r� r L ss

ŽExpressing the cylinder radius r by the void fraction Eq.s
.73 , the preceding equation can be rewritten

2�0
As 75Ž .

1q� rŽ .0 p

Another common way of expressing the surface area is in
terms of area per unit mass

2�0�A s 76Ž .
1y� 1q� � rŽ .Ž .0 0 c p

where � is the density of the support material. Using com-c
Ž .mon parameter values see Table 1 , the specific surface area

is set to 2.0�105 m2rkg.
ŽThe relation between R and the reaction rate R in® m

.kgrkgrh is

Rm

3,600 srh�p
R s 77Ž .�® A

1 1y� 1q� �Ž .Ž .0 0 c
R s r R 78Ž .® p m7,200 srh � �0 p

The reaction rate as a function of time is given by

RsR 1yexp y tr� d t 79w x Ž . Ž .Ž .0 k

where R is the peak activity, � is the kinetic time constant,0 k
Ž .and d t is a deactivation function. For t � � , deactivationk

is not important, and the exponential function can be approx-
imated by a linear relationship, and the reaction rate can be
equivalently written as

RsR tr� 80Ž .0 k

Results and Discussions
Base-case parameters

Precise parameters for the systems described in this work
were hard to find. The most relevant data were found for the
polymerization of ethene on silica support. The model char-
acteristics are illustrated mainly using order-of-magnitude
parameter values. This is an appropriate approach given that
the parameters vary greatly with type of support, polymer,
and reaction conditions. The base-case parameters are listed
in Table 1.

The polymer elastic modulus was kindly supported by Bo-
Ž .realis AS Borealis, personal communication to P. K., 2001

based on standard elongation tests at reaction temperatures
Ts80�C, in air. The parameter value for the viscosity was

Ž .based on the data by Gao and Mackley 1994 , which is also
Ž .used in the work by Agarwal 1998 . The parameter value for

the viscosity was for UHMWPE at Ts135�C. This polymer
showed relaxation times on the order of 0.3 to 1.3 s, but for
very high content of solvent. Extrapolating back to zero sol-
vent concentration gives relaxation times of 1�100. Based on
this, the viscosity is set relative to the elasticity with a relax-
ation time of 10. Poisson’s ratio 
 was set to 0.45. According

Ž .to van Krevelin 1990 , the Poisson ratio is about 0.42�0.49
Ž .for polyethene an incompressible material has 
 s0.5 .

In the simulations with the base-case parameters and in
the parameter sensitivity analysis, a constant reaction rate was
used. This was set in such a manner that the pore would fill
Ž .and break with polymer in 5 s if the polymer was incom-
pressible. This time scale is in accordance with the expected
time scale for particle rupture. Thus, R rr s0.1 sy1, corre-® p
sponding to R s680 kgrkgrh, given the base-case parame-m
ters. This reaction rate is typical for the very first part of the
polymerization and should not be confused with the normal

Žmaximum activity for modern catalysts 10,000 to 100,000
.kgrkgrh . A more realistic activity relation is used in the

Table 1. Base-Case Parameters for Polymerization of Polyethene at Ts80�C

Parameter Symbol Value Units Reference
y8 Ž .Pore radius r 10 M Estanoz and Chiovetta 1996p

Ž .Initial porosity � 0.8 Estanoz and Chiovetta 19960
3 Ž .Support density � 2,250 kgrm Estanoz and Chiovetta 1996c
3 Ž .Polymer density � 950 kgrm Jastrzebski 1987p

8 Ž .Elasticity G 10 Pa Borealis personal communication to P. K., 2001
9 Ž .Viscosity � 10 Pa � s Gao and Mackley 1994

Ž .Poisson’s ratio 
 0.45 Van Krevlin 1990
y9Reaction rate R 10 mrs Corresponds to 680 kg PErkg Catrh®

Ž .Kinetic time constant � 100 S Kittilsen et al. 2001k
2 5 Ž .Peak activity R 10 �10 kgrkgrh Kittilsen et al. 20010

s 7Critical support stress � 3 �10 Pa Adjustablec
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‘‘Particle Morphology’’ section; the rate starts at zero and in-
creases exponentially with the kinetic time constant � andk
the peak activity R . Finally, the critical stress for breaking0
the support material used in the morphology study was ad-
justed to give reasonable final morphologies in the simula-
tions. Actual critical stress data for silica will be difficult to
use, because small imperfections and cavities in the material
will have a strong impact on the critical stress.

Simulations with base-case parameters
The model was solved using the base-case parameters for

the time interval 0 to 5 s. The amount of polymer made in
this time would fill up the pores if the polymer was incom-
pressible and inviscid, given the reaction rate and pore size

( ) (Figure 3. Radial stress top and tangential stress bot-
)tom in the polymer shell as a function of po-

sition and time.
The step in time is evenly distributed from ts 0 to ts 5 s;
the lower curves are for larger times. The x-axis is scaled in
such a manner that it runs from the inner to the outer ra-
dius of the polymer shell, with a scale relative to the width
of the shell.

defined as base-case parameters. The calculated radial and
tangential stresses as a function of position in the polymer
shell are shown in Figure 3.

Both absolute values of radial and tangential stresses in-
Ž .crease with time and amount of polymer deposited as ex-

pected. Both are negative, indicating a compressive stress.
The tangential stress is at its absolute maximum at the inner
radius, r , of the polymer shell. Obviously, this part of thei
shell has gone through the largest compressive strain, and,
therefore, has the largest tangential stress. The radial stress
is at its absolute maximum near the pore surface, r . Newp
polymer is continuously added at the pore surface. Within a
short time interval a new shell of polymer is squeezed in be-
tween the pore wall and the already existing polymer. This
new polymer shell will have a slightly larger outer surface
than inner surface. Applying a given stress at the outer sur-
face of this shell will result in a larger stress at the inner

Ž .surface of the new shell Eq. 52 . Second, due to the free
surface at the inner surface of the total polymer shell, the
radial stress must approach zero there. Thus, there will be an
absolute maximum stress near the cylinder wall.

From a morphological point of view, the most interesting
stress to consider is the radial stress at the pore wall, at rs rp
w Ž . Ž . xthat is, at ry r r r y r s1 . If the support does not break,i p i
this radial stress must be counterbalanced by an equally large
radial stress in the support material, and is, thus, the stress
that will determine whether the support will rupture or stand
the production of even more polymer in the pore. This will
be further analyzed in the ‘‘Morphology’’ section below.

To illustrate the rate of pores filling, inner radius of the
polymer shell as a function of time is plotted in Figure 4. The
base-case parameters are used. The inner radius follows an
almost linear relation with time, meaning that the inner parts
of the shell have been significantly compressed. In this case,
the inner radius at ts5 s is r s 0.36 r , corresponding to ai p
porosity of r s0.13. This porosity means that the density ofp

Figure 4. Inner radius r of a compressible polymeri
shell as a function of time.
The base-case parameters are used. The dashed line shows
the situation if the material was incompressible, in which
case the pore would have filled up at time ts 5 s.
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the compressed polymer is about 15% higher than in an in-
compressible case.

Parameter sensiti©ity
Ž .As can be seen from the dimensionless model Eq. 66 , two

parameters determine the dimensionless stress as a function
of dimensionless time and position, namely, the reaction rate

� Ž .R and Poisson’s ratio 
 . R s�r r rR can be regarded as® ® p ®
Ž .the relative time scale of the relaxation of the stresses �

Ž . �and the filling of the pore r rR . Thus, R �1 means fastp ® ®
filling compared to the relaxation of the stresses. Then, the
stresses become mainly elastic; R� �1 means that the stresses®
will be relaxed because of viscous displacement in the mate-
rial. The other parameter, 
 does not have an important ef-
fect as long as it is not very close to the critical value of 0.5,

Ž .corresponding to an incompressible material see Figure 4 .
For most polymers this parameter does not vary much, and is
thus not discussed further here.

Ž .The effects on the radial stress at the pore wall with three
different values of R� are shown in Figure 5. The time is®
scaled to make it easy to compare the three cases, dividing by
the time it would take to fill the pore if the polymer were

Ž .incompressible. In other words, t s r r 2 R .fill p ®
For R� s10, the stress develops fastest. There is little time®

for relaxation of the stress. Instead, for R� s0.10, the reac-®
tion is slow enough for the stress to relax somewhat during
growth. Thus, the stress at the same degree of filling will be
smaller. The balance between the buildup and relaxation of
stresses will be important for the development of the mor-
phology, as is discussed next.

Particle morphology
As mentioned in the Introduction, the final particle mor-

phology is, to a large extent, determined by the morphology
of the fragmented catalyst particle. The preceding sections
demonstrated how the stress in the polymer, and more im-

Figure 5. Demonstration of model sensitivity to dimen-
sionless reactivity R� .v
The radial stress at r�s1, corresponding to the radial stress
at the support wall, is shown as a function of reaction time t
divided by the filling time for an incompressible polymer tfill
given the same R� .®

portantly for the morphology, the stress at the support�poly-
mer interface varied with reaction conditions. This is dis-
cussed more in detail here.

Effect of Polymer Physical Properties and Reaction Rate.
Generally, it can be stated that all parameters that make the
stress in the polymer greater for a given polymer production
will increase the porosity of the fragmented particle. Also,
all parameters that lower the critical stress for breakup of the
support will make the particle more porous.

As we have seen, increasing the reaction rate will result in
less time for relaxation of the stress, and, thus, rupture at a
lower degree of filling, that is, higher porosity with increasing
reaction rate. This can be one of the factors explaining the

Ž .observation of Weickert et al. 1999 , who found that upon
increasing the reaction rate, the polymer particles became
more porous and fine in structure.

Similar to increasing the reaction rate, decreasing the vis-
Žcosity of the polymer that is, lowering the relaxation time,

. Ž� , will decrease the porosity as long as the polymer has not
.melted . The effect of these two parameters is shown in Fig-

ure 6, where the porosity at the rupture is plotted as a func-
tion of reaction rate for different relaxation times. These re-
sults were obtained using the base-case parameters and a re-
alistic catalyst activity with time from Eq. 80. Also shown in
this figure is the time it takes for the particle to rupture.
Comparing this time with the relaxation time helps to explain
the different behaviors at different relaxation times. The cases
with the shortest relaxation times have more time to relax the
stress before rupture, which means that the catalyst particle
can generate more polymer in the same volume before frag-
mentation, and the porosity is, therefore, lower.

Effect of Support Properties. As long as the support does
not break, the force exerted by the growing polymer on the
support is counterbalanced by a force of equal magnitude
from the support. This, of course, is the source of stress in
the support material, and can eventually cause the support to
break, if raised above the critical stress the support can stand.
An estimate of the stress in the support as a function of the
stress exerted on the interface was given in Eq. 71. Together
with the equation relating the radius of the pores and sup-

Ž .port to the initial porosity see Eq. 73 , this is our basis for
describing the rupture of the catalyst.

Obviously, all effects that cause a reduction in the critical
stress of the support will make a more porous particle. In the
extreme case, where the particle support fragments before
enough polymer exists to hold the fragments together, the
original particle can disintegrate. Such effects can be small
physical or chemical imperfections in the support material, or
be provoked by the shape and distribution of the pores, as
discussed below.

It is reasonable to assume that the initial porosity of the
initial catalyst support plays some role in determining the
porosity of the final polymer particle. It is possible that the
relationship between the initial and final porosities is not at
all linear. A particle with low initial porosity will have more

Ž .support or thicker pore walls and smaller pores. Less stress
will be generated in these smaller pores compared to a more
porous particle. Furthermore, since the pore walls are thicker
in the less porous particles, they will probably fragment later.
In other words, raising the porosity of a support particle will
raise the porosity of the final polymer particle even more.
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The effect of changing pore size is an important issue. Let
us compare two particles: one containing large pores, and one
containing small pores. The porosity is set to the same value
and the reactivity is set to the same level in terms of activity

Ž . �per area R is the same . Then, R , and, thus, the interface® ®
stress will be smallest for the particle containing the largest
pore. Because the porosity is the same, Eqs. 71 and 73 show
that the stress in the support will be lower and have larger
pores. However, studies presented in the literature report
processes starting by fragmentation in the larger pores, then

Žsuccessively continuing with the smaller pores for example,
Ferrero et al., 1992a; Estenoz and Chiovetta, 1996; Pater,

.2001 . Of course, these studies were done with particles hav-
ing a particle-size distribution, so that small and large pores
are located in the same particle. In that case, a more correct
point of view is to consider the pores ‘‘seeing’’ different
porosities. What is relevant for the fragmentation is how much
support material the pore has to break. Thus, the relevant
porosity for the largest pores, ranging in the macro level of
the particle, is the macroporosity, or approximately the total
porosity of the particle. For the smallest pores, the local
porosity will be the porosity of the particle when not includ-
ing the macropores, so it will be much smaller. This means
that the smallest pores are surrounded by more support than
the macropores. Even though the stress at the polymer�sup-
port interface is smaller for the largest pores, the total sur-
face compared to the amount of support to break is less than
with smaller pores. Thus, it is natural that in a particle with
different pore sizes, the largest pores will break first, then
smaller and smaller pores reach the critical limit for rupture.

Pore shape might also be important. For instance, another
effect that makes the larger pores break first is the ‘‘crowbar
effect’’ that appears when the pores are more conic shaped
than the idealized cylinders considered in this work. Conic-
shaped pores will have a critical point at the top of the cone
top. Stress at the cone walls will act with a momentum at this
point. Large pores will have a much larger total surface com-
pared to small pores, and, thus, the total momentum at the
critical point will be larger, even though the stress at the sur-
face is the same. An illustration of this effect is shown in
Figure 7. The general elastic stress�strain equations were
solved for a 2-D case where the same stress was applied to
the surfaces of two different V-shaped holes in a block of an
elastic material. It clearly illustrates that even if the stresses
at the surfaces are the same, the largest pore results in a
much larger stress at the critical point. This last result is in-
teresting, since it helps us to quantitatively understand how
fragmentation of the support takes place, and lends credence
to the idea that particles fragment successively on the largest
pores, followed by medium-sized pores, and so on, rather than
on a layer-by-layer basis. This is probably true for MgCl -2
supported particles, as well as for silica particles. The former
simply fragment faster because of the nature of the support.

Conclusions
A new viscoelastic model to describe the fragmentation

process of olefin polymerization catalyst particles was devel-
oped and demonstrated. Idealized, equal-sized cylindrical and
triangular pores were considered. The polymer produced in-
side of these pores causes stress to form in the polymer, which

is in turn transmitted to the support. Because polymer is a
viscoelastic material, the polymer formed will deform and the
stress will be somewhat relaxed with time. Thus, one of the
key parameters is the rate of reaction compared to the relax-
ation time of the polymer. In turn, it is possible that the re-
laxation time is affected by the rate of crystallization of the
nascent polymer, local temperatures, and swelling conditions
in the polymer. The model allows us to conclude that:

� The viscoelastic model can explain variation in porosity
with activity. Fast reaction means less relaxation of stress and
faster rupture, and, thus, higher porosity at rupture.

� All factors that increase the relaxation time of the poly-
mer, that is, make the polymer more viscous, will produce

Žless porosity. This can be caused by chemical such as
. Žcomonomer addition or physical such as the presence of a

.swelling agent changes in the polymer.
� All factors that reduce the critical stress the support can

stand will make a more porous polymer. Such factors can be

Figure 6. Effect on particle porosity at rupture as a
function of peak activity, R , for different re-0
laxation times � s�rrrrrG.
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small physical or chemical imperfections in the support mate-
rial.

� In a support having a pore-size distribution, the largest
pores will break first, then successively smaller and smaller
ones. This occurs because the relative volume of the pore to
support is highest for larger pores, and, thus, even though the
stress exerted at the pore wall is the same or lower in a large
pore, the stress in the support will be higher near the larger
pores.

The model presented in this work is more of a descriptive
model than a predictive one. Too many parameters need to
be adjusted at the current time in order for it to be character-
ized as a fully predictive model without extensive experimen-
tal investigation. Furthermore, it is evident that the pore-size
distribution and shape needs to be extremely well character-
ized in order for this model to be adapted to describe full-
scale particle fragmentation. However, the model is useful
for increasing our quantitative understanding of the physics
of particle fragmentation, and to be able to predict what ef-
fects come out of changing parameters such as the polymer

Žcrystallinity or anything else that changes its elastic or vis-
.cous properties .

In addition, in order for us to be able to use the approach
suggested in this model, we would necessarily have a full 3-D
model of particle morphology. In the case of an MgCl sup-2
port, this implies at least a statistical breakdown of the differ-
ent particle fragment sizes, and the size of the bridges of
support material holding them together. In the case of silica
support, a much better description of the support morphol-
ogy is needed, but with the same objectives in mind.

This model should also be characterized as a local model
that describes fragmentation and morphology development in
a small portion of the catalyst particle. For it to be integrated
into a more complete single-particle model, the equations of
mass and heat transport and the equations for particle growth
should be included as well.
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Notation
Asspecific surface area per volume, m2rm3

A sspecific surface area per mass, m2rkg0
Ž .asprimary elastic coefficient s 2G q � , Pa
Ž .bssecondary elastic coefficient s� , Pa

EsYoung’s modulus of elasticity, Pa
GsLame’s primary elastic coefficient, Pa´
Isunit tensor

Ls length of pore, m
pspressure, Pa
Rsreaction rate, variable

R speak reaction rate, kgrkgrh0
R sreaction rate per mass, kgrkgrhm
R s velocity reaction rate, mrs®
R� sdimensionless velocity reaction rate®

Ž .rsposition variable radius , m
r�sdimensionless radius
r spore radius, mp
r s inner radius of polymer shell, mi

( )Figure 7. Stress in horizontal direction in a large and small pore with the same interfacial pressure applied.
The largest stress will be found at the inner point of the largest pore. The pore walls act as ‘‘crowbars’’ on the pore inner point. The
numbers on the figure can be considered as relative values, and do not have a direct meaning.
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r souter radius of support shell, ms
Tstotal stress tensor, Pa
ts time, s

t�sdimensionless time
t spolymerization time, send
t s filling time of a pore if polymer were incompressible andfill

inviscid, s
Usdisplacement function, m
wswidth of new polymer shell, w

Greek letters
�swidth of new polymer shell, w
	sprimary viscous coefficient, Pa � s
�ssecondary viscous coefficient, Pa � s

� sstrain in ith directioni i
� eselastic strain in ith directioni i
� ®s viscous strain in ith directioni i
� s initial porosity of catalyst particle0
�spolymer viscosity, Pa � s
�sKronecker delta
�spolymer bulk viscosity, Pa � s
�sLame’s secondary elastic coefficient, Pa´

sPoisson’s ratio
�sposition variable, m
�sdensity, kgrm3

�sstress tensor, Pa
� �sdimensionless stress
� sstress in ith direction, Pai i
� eselastic stress in ith direction, Pai i
� ®s viscous stress in ith direction, Pai i
� ssstress in support in ith direction, Pai
� ws radial stress in polymer at support wall, Par

s� sarea average tangential stress in support, Pat
�srelaxation time, s

� skinetic time constant, sk
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